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Abstract
In the paper it is shown that every tree with diameter 5 is graceful. c© 2001 Elsevier Science
B.V. All rights reserved.
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By a graph we mean a nite unoriented graph without loops and multiple edges.
Terms and notations not dened below follow that used in [4].
A vertex labelling (or valuation) of a graph G=(V; E) is an assignment f of labels
to the vertices of G that induces for each edge uv ∈ E(G) a label depending on the
vertex labels f(u) and f(v).
Let G be a graph with n edges and let f : V (G) → {0; 1; : : : ; n} be an injection.
The vertex labelling is called a graceful labelling if to each edge uv the absolute value
|f(u)−f(v)| is assigned as its label and the resulting edge labels are mutually distinct
[5]. A graph possessing a graceful labelling is called a graceful graph.
In [7] Rosa published the conjecture of Kotzig that every nontrivial tree is graceful.
If Kotzig’s conjecture is true then for every tree T with m vertices any complete graph
K2m+1 is T -decomposable (i.e. Ringel’s conjecture is true, too [6]). A survey of results
on these conjectures has been given by Bloom [1,2].
Many classes of trees have been shown to be graceful. For example caterpillars are
graceful [7]. We recall that a caterpillar is a tree such that removal of its end-vertices
produces a path. It is not known whether every lobster (the removal of whose end-
vertices produces caterpillar) is graceful.
It is known that trees with diameters 2, 3 and 4 are graceful [1,3,8]. In this paper
we prove that every tree with diameter 5 is graceful, too.
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We will only consider vertex labellings of trees. If a tree T has n edges and if f
is a graceful labelling of the tree T then the set of labels assigned to all edges of the
tree T is {1; 2; : : : ; n}.
The next assertion is obvious.
Lemma 1. Let T be a tree with n edges. If f is a graceful labelling of T and a
mapping g is de<ned by the equality
g(u) = n− f(u) for each vertex u;
then g is a graceful labelling of T; too.
It follows from Lemma 1 that every caterpillar is graceful. To see this, let T be a
graceful tree with n edges and let the label of a vertex u ∈ V (T ) be 0. If we get a
tree T ′ from the tree T by adding edges uu1; uu2; : : : ; uum then the tree T ′ is also a
graceful tree (the labels of its vertices from V (T ) are as previously and the labels of
the vertices u1; u2; : : : ; um are n + 1; n + 2; : : : ; n + m, respectively). From Lemma 1 it
follows that the tree T ′ has a graceful labelling g with g(um)=0. Hence the following
assertion is also true.
Lemma 2. Let a tree T with n edges have a graceful labelling f and let u ∈ V (T )
be such that f(u) = 0 or f(u) = n. Let H be a caterpillar; V (T )∩ V (H) = ∅ and let
v ∈ V (H) be a vertex which either has a maximal eccentricity or is adjacent to a
vertex of maximal eccentricity. If T ′ is the tree obtained by gluing the trees T and
H in such a way that the vertices u and v are identi<ed then T ′ is a graceful tree;
too.
Let T be a tree and let uv ∈ E(T ). We denote by Tu;v the subtree of T induced by
the set
V (Tu;v) = {w ∈ V (T ); w = u or v is on a u− w path}:
Our method in this paper will use transformations of a given graceful tree. These
transformations are based on the following simple observation.
Lemma 3. Let T be a tree with a graceful labelling f and let u be a vertex adjacent
with vertices u1, u2. Let T ′ be the subtree of T induced by the set
V (T ′) = (V (T )− (V (Tu;u1 ) ∪ V (Tu;u2 ))) ∪ {u}
and let v ∈ V (T ′); v 
= u.
(a) If u1 
= u2; f(u1) + f(u2) = f(u) + f(v) and the tree T ′′ is obtained by gluing
the trees Tu;u1 ; Tu;u2 and T
′ in such a way that the vertex v of the tree T ′ is
identi<ed with the vertex u of the trees Tu;u1 ; Tu;u2 (see Fig. 1) then f is a
graceful labelling of the tree T ′′; too.
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Fig. 1.
Fig. 2.
(b) If u1 = u2; 2f(u1) = f(u) + f(v) and T ′′ is a tree obtained by gluing the trees
T ′ and Tu;u1 in such a way that the vertex v of the tree T
′ is identi<ed with the
vertex u of the tree Tu;u1 then f is a graceful labelling of the tree T
′′; too.
Proof: It follows from the following equalities:
(a) |f(u1) − f(u)| = |f(u) + f(v) − f(u2) − f(u)| = |f(v) − f(u2)| and
|f(u2)− f(u)|= |f(u) + f(v)− f(u1)− f(u)|= |f(v)− f(u1)|.
(b) |f(u1)−f(u)|=|f(u)+f(v)2 −f(u)|=|f(v)−f(u)2 | and |f(u1)−f(v)|=|f(u)+f(v)2 −f(v)|
= |f(u)−f(v)2 |= |f(v)−f(u)2 |.
Further we will not distinguish between a vertex and its label (for a given graceful
labelling). If we consider the transformation of a graceful tree T to a graceful tree T ′′
according to Lemma 3 then we say that the tree T ′′ is obtained from T by a transfer of
the trees Tu;u1 and Tu;u2 from the vertex u to the vertex v. In this paper we frequently
consider a repeated transfer of end-edges from u to v in which case we brieKy speak
about a u → v transfer. If we consider successive transfers a → b; b → c; c → d; : : :
we simply write a → b → c → d → · · · :
For example, from the graceful star in Fig. 2 we can get the graceful tree in Fig. 3
by a transfer n → 0 (since n+ 0 = k + 1 + (n− k − 1) = k + 2 + (n− k − 2) = : : :).
If we use Lemma 1 and add an edge incident with the vertex 0 we can transform
the graceful tree in Fig. 3 to the graceful tree in Fig. 4 and nally (by Lemma 1) to
the graceful tree in Fig. 5.
In this paper we will often use two basic types of transfers of end-edges.
A u → v transfer is called a transfer of the rst type if end-vertices of transfered end-
edges are k; k+1; : : : ; k+m. The transfer of the rst type can be realized (by Lemma 3)
if u+v=k+(k+m) (since k+(k+m)=k+1+(k+m−1)=k+2+(k+m−2)= : : :).
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Fig. 3.
Fig. 4.
Fig. 5.
A u → v transfer is called a transfer of the second type if end-vertices of transfered
end-edges form two sections k; k + 1; : : : ; k +m and l; l+ 1; : : : ; l+m. This transfer is
allowed (by Lemma 3) if u+ v= k + l+m (since k + l+m= k + 1+ (l+m− 1) =
k + 2 + (l+ m− 2) = : : :).
Usually, we will use a transfer of the rst type if we need to leave an odd number of
end-edges and a transfer of the second type if we leave an even number of end-edges.
Consider the tree in Fig. 6 to illustrate above-mentioned transfers.
The starting tree will be the tree in Fig. 3 (for k = 3 and n = 19). First we carry
out two transfers 0 → 18, 18 → 1 of the rst type and then two transfers 1 → 17,
17 → 2 of the second type. At the beginning the vertices 4, 5; : : : ; 15 are adjacent
to the vertex 0. After rst transfer the vertex 15 is adjacent to the vertex 0 and the
vertices 4, 5; : : : ; 14 are adjacent to the vertex 18, and so on (see Fig. 7).
The resulting tree is in Fig. 8 and so we have a graceful labelling of the tree in
Fig. 6.
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Fig. 6.
Fig. 7.
Fig. 8.
It is easily seen that the above procedure yields a graceful labelling of trees of
diameter 4 with the central vertex of an odd degree. Thus, we can obtain a new proof
of the next theorem.
Theorem 1. Every tree of diameter 4 is graceful.
Proof: It is suMcient (with respect to Lemma 2) to prove that every tree T of diameter
4 having the central vertex of an odd degree has a graceful labelling such that the label
of the central vertex is maximal.
Let x be the number of vertices of an even degree that are adjacent to the central
vertex of T . Let y be the number of vertices of odd degree greater than 1 that are
adjacent to the central vertex of T (for example x = 2 and y = 3 if we consider the
tree in Fig. 6). Let the degree of the central vertex of T be 2k + 1 and let T have n
edges. We can obtain a graceful labelling of T from the tree in Fig. 3. We carry out
transfers
0→ n− 1→ 1→ n− 2→ 2→ n− 3→ · · · ;
where rst x transfers (or x − 1 transfers if y = 0) are of the rst type (to get the
desirable sets of end-edges of odd cardinality) and next y − 1 transfers (if y¿1) are
of the second type (to get the desirable sets of end-edges of even cardinality).
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We now turn to trees with diameter 5. First, we will show (by the above methods)
that every tree with diameter 5 is ‘nearly’ graceful (Theorem 2) and then we will
prove the main result (we choose this way to explain ideas of the proof better and to
emphasize the diMculty of the last step of the proof).
Let T be a tree of diameter 5. We denote (throughout this paper) its central vertices
by a and b. Let x be a vertex adjacent to the central vertex a, x 
= b. The subtree Ta;x
is said to be a branch (at the vertex a) if Ta;x is a subtree of diameter 2. We call a
branch Ta;x an odd branch if the degree of the vertex x is even; otherwise we call it
an even branch. Analogously, a subtree Tb;x is called an odd branch or an even branch
if the diameter of Tb;x is 2 and the degree of the vertex x is even or odd, respectively.
Our vertex labelling of a tree T will depend on 6 parameters:
• a cardinality p of the set of all odd branches at the vertex a;
• a cardinality r of the set of all even branches at the vertex a;
• a cardinality i of the set of all end-edges at the vertex a;
similarly on cardinalities q, s, j of the sets of all odd branches, even branches and
end-edges, respectively, at the vertex b.
In fact, cardinalities of mentioned sets are frequently not important but crucial are
parities of the integers p, q, r, s, i, j. Hence, we will use the following notations:
If (for example) the integers p, q, s, j are even and the integers r, i are odd we
write
(p; r; i; q; s; j) ≡ (e; o; o; e; e; e);
if p, r, s are odd and q is even we write
(p; r; q; s) ≡ (o; o; e; o);
and so on.
Theorem 2. Every tree T of diameter 5 is graceful or nearly graceful; i.e. if the
cardinality of its edge set is n+1 then the cardinality of the set of all labels of edges
is n+ 1 or n (at most two edges have the same label).
Proof: Let T be a tree of diameter 5 and let the cardinality of its edge set be n+ 1.
We distinguish several cases:
1. i = j = 0, i.e. the central vertices are incident with no end-edge.
1.1. Let the sum p+ q+ r+ s be an odd number 2k+1. Without loss of generality,
we can assume that the integer p+ r is even. With respect to the parity of the integers
p, q, r, s we distinguish the following subcases.
1.1.1. (p; r; q; s) ≡ (o; o; e; o). The starting tree is in Fig. 5. First, we carry out
transfers
1→ n → 2→ n− 1→ 3→ : : : ;
where the rst p+q transfers will be of the rst type (to get desirable sets of end-edges
of odd cardinalities) and the next r+ s− 1 transfers will be of the second type (to get
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Fig. 9.
Fig. 10.
desirable sets of end-edges of even cardinalities). Then we can realize (by Lemma 3)
transfers of pairs of branches with central vertices m and n+1−m (m=1; 2; : : : ; k) from
the vertex n+1 to the vertex 0, i.e. we can shift pairs of branches Tn+1;m; Tn+1; n+1−m to
the vertex 0. Therefore, we can shift any pair of branches with central vertices which
are in round brackets in the sequence
(1; n); (2; n− 1); (3; n− 2); : : : :
The crucial criterion is a sequence P of parities of cardinalities of sets of end-edges
which are incident with considered vertices of the tree T . In case 1:1:1 the sequence
P is the following:
(o; o); : : : ; (o; o); (o; e); (e; e); : : : ; (e; e); e:
The sequence P guarantees that by suitable transfers of branches we obtain an odd
number of odd branches and simultaneously an odd number of even branches at the
vertex 0. Hence a graceful labelling of the tree T can be realized.
Let us consider the tree in Fig. 9 to illustrate the above procedure.
We have the tree of type (3; 1; 2; 1) ≡ (o; o; e; o). The starting tree is in Fig. 10 (this
is the tree in Fig. 5 for k = 3, n= 20).
By the above described way we obtain the tree in Fig. 11 (the used transfers are
represented at the top in the gure).
At last we can shift two pairs of branches with the central vertices 1, 20 and 3, 18
from the vertex 21 to the vertex 0. Thus we get the tree in Fig. 12 and so we have a
graceful labelling of the tree in Fig. 9.
1.1.2. (p; r; q; s) ≡ (e; e; e; o). We can proceed in an analogous way as in the previous
case. The sequence of parities P is the following:
(o; o); : : : ; (o; o); (e; e); : : : ; (e; e); e;
hence a tree of the considered type is graceful.
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Fig. 11.
Fig. 12.
Fig. 13.
1.1.3. (p; r; q; s) ≡ (o; o; o; e). By a suitable transfer of one end-edge we can get a
tree of type (e; e; e; o) (see Fig. 13) and a tree of such type has a graceful labelling.
Therefore (after the backward transfer of the end-edge) we have a vertex labelling of
the original tree, in which at most two edges have the same label.
1.1.4. (p; r; q; s) ≡ (e; e; o; e). If r=s=0 (and every branch has exactly one end-edge)
it is suMcient to use transfers of the rst type. Otherwise, we can obtain case 1:1:1 by
shifting one end-edge.
1.2. Let the sum p+ q+ r + s be an even integer 2k. A needful vertex labelling of
a tree T of this type follows immediately from the previous case 1:1 by Lemma 2.
2. Let exactly one of the numbers i; j be positive (and the other be 0).
2.1. If p+ q+ r + s= 2k + 1 then it is suMcient to use case 1:1 and Lemma 2.
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Fig. 14.
Fig. 15.
2.2. Let p + q + r + s = 2k. Without loss of generality, we can suppose that i 
= 0
and j = 0. In case p + r = 1 it suMces to use Theorem 1 and Lemma 2. Suppose
p + r ¿ 1. By removing all end-edges at the central vertex a and one branch at this
vertex a we have the previous case 1:1. Now it suMces to use Lemma 2.
3. Let i 
= 0 and j 
= 0.
3.1. Suppose that p+q+r+s=2m+1. Let T ′ be the tree T if the numbers i, j have
the same parity. If the numbers i, j have diPerent parities then the tree T ′ is obtained
from the tree T by removal of one end-edge incident with a central vertex having at
least two end-edges. With respect to Lemma 2 it is suMcient to nd a needful vertex
labelling of the tree T ′.
Let us denote the cardinalities of the sets of end-edges at the central vertices a and
b (of the tree T ′) by i′ and j′, respectively. We proceed analogously as in case 1:1.
The starting tree is in Fig. 5 where n+1= |E(T ′)| and 2k+1=p+ q+ r+ s+ i′+ j′.
With respect to parities of the integers p, r, q, s we distinguish some subcases.
3.1.1. (p; r; q; s) ≡ (o; o; e; o). Let us repeat the procedure in case 1:1:1. The sequence
P is the following:
(o; o); : : : ; (o; o); (o; e); (e; e); : : : ; (e; e); (e; 0); (0; 0); : : : ; (0; 0); 0;
where the symbol 0 signies that no end-edges are transferred to the corresponding
vertex. The form of P guarantees that the tree T ′ is graceful (in fact, the sequence P
contains the pairs (o; e) and (e; 0) and so we can always nd needful ways of transfers).
Consider the tree in Fig. 14 to illustrate the above procedure.
The starting tree is in Fig. 15
We can get the tree in Fig. 16 by transfers depicted at the top of the gure.
Finally, we get the tree in Fig. 17 (obtaining by 27→ 0 transfers) and so we have
a graceful labelling of the tree in Fig. 14.
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Fig. 16.
Fig. 17.
3.1.2. (p; r; q; s) ≡ (e; e; e; o). In this case the sequence P is the following:
(o; o); : : : ; (o; o); (e; e); : : : ; (e; e); (e; 0); (0; 0); : : : ; (0; 0); 0
and it is easily seen that a tree of such type is graceful.
3.1.3. The remaining cases (trees of types (o; o; o; e); (e; e; o; e)) can be transformed
to the previous cases 3:1:1 and 3:1:2 by a suitable transfer of an end-edge (similarly
as in case 1:1). The only exception is when r = s = 0 and every branch has exactly
one end-edge. In this case it is suMcient to use transfers of the rst type.
3.2. Let p+ q+ r+ s=2m. If p+ r=1 or q+ s=1 it is suMcient to use Theorem
1 and Lemma 2. Now, let p+ r ¿ 1 and q+ s¿ 1. Without loss of generality, we can
suppose that i¿j. We leave out one branch at the central vertex a. If the integers i,
j have diPerent parities then we also leave out one end-edge at the vertex a. So, we
obtain case 3.1 and with respect to Lemma 2 the proof is nished.
In the proof of the next theorem we also use other transfers than so far. The most
important of them is the following. If in the graph in Fig. 5 we carry out the sequence
of transfers
1→ n → 2→ n− 1→ 1→ n → 2→ n− 1→ 3;
where each of the transfers is of the rst type then we call it a backwards double
8-transfer of the <rst type. By this transfer each of the vertices 1, 2, n− 1, n will be
incident with the required even non-zero number of end-edges. After such a backwards
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double 8-transfer of the rst type one can obviously go on with a transfer of the rst
type or with another backwards double 8-transfer of the rst type.
Theorem 3. Every tree of diameter 5 is graceful.
Proof: Similarly as in the proof of Theorem 2 we distiguish several cases.
1. i = j = 0. Let T be a tree of this type with diameter 5 and n + 1 edges. Unless
otherwise stated we will assume that the starting tree is in Fig. 5 and the standard
sequence of transfers is 1→ n → 2→ n− 1→ 3→ : : : .
1.1. p + q + r + s = 2k + 1. Without loss of generality, we can assume that p + r
is even. With respect to parity of the numbers p, r, q, s it is suMcient to consider the
following subcases.
1.1.1. (p; r; q; s) ≡ (o; o; e; o). The algorithm for a graceful labelling of a tree T of
this type is described in the proof of Theorem 2 (the subcase 1.1.1).
1.1.2. (p; r; q; s) ≡ (e; e; e; o). The algorithm for a graceful labelling of a tree T of
this type is also described in the proof of Theorem 2 (see subcases 1.1.1 and 1.1.2).
1.1.3. (p; r; q; s) ≡ (o; o; o; e). For a tree of this type we distinguish four subcases.
1.1.3.1. r+s=4m+3. First, we carry out m successive backwards double 8-transfers
of the rst type, then p+ q− 2 transfers of the rst type and nally transfers
k − 1→ n− k + 2→ k + 1→ n− k + 1→ k;
where the last transfer is of the second type and all others are of the rst type. Thus,
we get the following sequence:
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (o; e); (e; e); o:
From this sequence it is clear that a graceful labelling of the tree T can be realized.
1.1.3.2. r+ s=4m+1; m¿1. First, we carry out m−1 backwards double 8-transfers
of the rst type, then p+ q− 2 transfers of the rst type and nally transfers
k − 2→ n− k + 2→ k − 1→ n− k + 3→ k + 1→ n− k + 2
→ k → n− k + 1;
where the last transfer is of the second type and all others are of the rst type. By
this we get the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (e; e); (o; e); (e; e); o;
from which one can see that a graceful labelling of the tree T does exist.
1.1.3.3. r + s=1; p+ q¿4. First, we carry out p+ q− 4 transfers of the rst type
and then transfers
k − 1→ n− k + 2→ k + 1→ n− k + 1→ k;
where each of these transfers is also of the rst type. Thus we get the following
sequence
P: (o; o); : : : ; (o; o); (o; e); (o; o); o:
Hence the tree T has a graceful labelling.
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Fig. 18.
1.1.3.4. r+ s=1; p+ q=2. Hence in this case p= q= r=1; s=0. Let us consider
the graceful tree in Fig. 18 for k = 2.
Using Lemma 3 we can easily carry out transfers n + 1 → 1 of the rst type and
n+ 1 → 2 (if the odd number of end-edges incident with the vertex 2 is greater than
1) of the second type.
1.1.4. (p; r; q; s) ≡ (e; e; o; e). For trees of this type we also distinguish several
subcases.
1.1.4.1. s¿2. First, we carry out p+ q transfers of the rst type and then r + s− 1
of the second type. Thus, we get the following sequence:
P: (o; o); : : : ; (o; o); (o; e); (e; e); : : : ; (e; e); e:
Again, it shows that a tree T of this type has a graceful labelling.
1.1.4.2. s=0; r=4m. First, we carry out m backwards double 8-transfers of the rst
type and then p+ q− 1 transfers of the rst type. By this we get the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); o
and hence a tree T has a graceful labelling.
1.1.4.3. s=0; r=4m+2; p¿2. First, we carry out m backwards double 8-transfers
of the rst type, then p+ q− 3 transfers of the rst type and nally transfers
k − 1→ n− k + 2→ k + 1→ n− k + 1→ k;
where each of these transfers is also of the rst type.
By this we obtain the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (o; e); (e; o); o;
from which one can see that a graceful labelling of the tree T does exist.
1.1.4.4. p= s= 0; r = 4m+ 2. In this case we distinguish four subcases.
1.1.4.4.1. m¿2. Let us consider the graceful tree in Fig. 19 (the parity does not
allow to use the tree in Fig. 5).
If at least for one branch the even number of end-edges is greater than 2 (in the
tree T ), we carry out m− 1 successive backwards double 8-transfers of the rst type.
If the even number of end-edges is always equal to 2 we carry out (based on Lemma
3) two transfers 1 → n − 1, n − 1 → 3 of the rst type and a 1 → n transfer of the
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Fig. 19.
Fig. 20.
Fig. 21.
second type. Thus, we achieve that each of the vertices 1; 2; n − 1; n will be incident
with two end-edges. If m¿3 we carry out m− 2 backwards double 8-transfers of the
rst type. Further we go on in a unique way. We carry out q− 1 transfers of the rst
type and at the end transfers
k − 2→ n− k + 3→ k → n− k + 2→ k + 1→ n− k → k − 1
→ n− k + 2→ k − 2;
where each of these transfers is of the rst type. By this we achieve that the vertex
k will be incident with required odd number of end-edges and each of the vertices
k − 2; k − 1; k + 1; n− k + 3; n− k + 2; n− k with required even number of end-edges.
Finally, we shift all even branches to the vertex 0.
1.1.4.4.2. m ∈ {0; 1}; q = 1. In case m = 0 we start with the graph in Fig. 20 and
carry out transfers 2→ n; n → 3 of the rst type.
In case m= 1 we start with the graph in Fig. 21 and carry out transfers
2→ n → 3→ n− 1→ 4→ n− 2→ 5;
where the rst two transfers are of the rst type and others are of the second type.
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Fig. 22.
Fig. 23.
1.1.4.4.3. m ∈ {0; 1}; q¿3 and the odd numbers of end-edges are greater than 1
at least for two branches. For q¿5 we rst carry out q− 1 transfers of the rst type
in the graph in Fig. 19 and then (if m = 1) one backwards double 8-transfer of the
rst type. Finally, we carry out transfers k → n − k → k + 1 of the second type and
transfers n+ 1→ 0 of all even branches.
Let us consider the tree in Fig. 22.
By the above described way we get the graceful labelling in Fig. 23.
If m= 0 and q= 3 the starting tree is in Fig. 19 for k = 2. We carry out transfers
1→ n− 2→ 3→ n → 2;
where each of these transfers is of the rst type. Then we shift even branches to the
vertex 0.
If m= 1 and q= 3 the starting tree is again in Fig. 19 but for k = 4. We rst carry
out transfers (analogously as in case 1.1.4.4.1) by which we achieve that each of the
vertices 1, 2; n−1; n will be incident with the desired even number of end-edges. Then
we carry out transfers
3→ n− 4→ 5→ n− 2→ 4;
where each of these transfers is of the rst type. At last we shift all even branches to
the vertex 0.
1.1.4.4.4. Let q¿3 and let the odd number of end-edges be equal to 1 at least for
one branch. Consider a tree T ′ having a branch with one end-edge that is obtained
from T by omitting one branch with an odd number of end-edges. We assume that the
tree T ′ has n+ 1 edges and 2k branches. The starting tree for a graceful labelling of
the tree T ′ is the tree in Fig. 24.
First, we carry out a 1→ n− 1 transfer of the rst type, then m backwards double
8-transfers of the rst type and q−2 transfers of the rst type (the last is n−k+1→ k).
It can easily be seen that all branches with even number of end-edges can be transferred
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Fig. 24.
to the vertex 0. The graceful labelling of the tree T follows from the tree T ′ by
Lemma 2.
1.2. p+q+r+s=2k. If p+r=1 or q+s=1 then a graceful labelling of the tree T
follows from Theorem 1 and Lemma 2. In the opposite case by omitting one branch in
the tree T we can get a tree T ′ diPerent from the types in 1.1.3.4 and 1.1.4.4. Hence
it is suMcient to use 1.1 (for T ′) and Lemma 2.
2. Exactly one of the numbers i, j is diPerent from 0. In order to avoid referring to
nontypical case 1.1.4.4.4 we are going to produce a graceful labelling of the following
trees T1, T2, T3 on the base of the tree in Fig. 5.
T1: p= s= 0; q= 2l; r = 4m+ 2 and {i; j}= {0; 1}
By standard way (rst 2l-transfers of the rst type and then 4m+1 transfers of the
second type) we get the following sequence:
P: (o; o); : : : ; (o; o); (e; e); : : : ; (e; e); 0:
Hence the tree T1 has a graceful labelling.
T2: p= s= 0; q= 2l+ 1 (l¿1); r = 4m+ 2; i = 2; j = 0:
First, we carry out m backwards double 8-transfers of the rst type, then 2l−2 transfers
of the rst type and nally transfers (each of the rst type)
k − 2→ n− k + 2→ k − 1→ n− k + 3→ k + 1:
We get the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (e; e); (o; o); (0; 0); o
and hence a graceful labelling of the tree T2 can be easily realized.
T3: p= s= 0; q= 2l+ 1; r = 4m+ 3; i = 1; j = 0:
First, we carry out m backwards double 8-transfers of the rst type, then 2l transfers
of the rst type and nally transfers (each of the rst type)
k − 1→ n− k + 1→ k + 1→ n− k + 2:
We get the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (e; e); (0; e); o
and it follows that a graceful labelling of the tree T3 can be realized.
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2.1. p+q+r+s=2t+1. If by omitting all end-edges incident with central vertex we
get a tree T ′ diPerent from the types in 1.1.3.4 and 1.1.4.4.4 then a graceful labelling
of the tree T follows from 1.1 (for T ′) and Lemma 2.
In the case p= s=0; q=2l+1 (l¿1); r =4m+2 a graceful labelling of the tree
T can easily be found using Lemma 2 on the base of the tree T1 or T2.
In the case p = q = r = 1; s = 0 it is suMcient to consider the tree in Fig. 18 and
Lemma 2.
2.2. p+ q+ r + s= 2t. For p+ r = 1 or q+ s= 1 a graceful labelling of a tree T
of this type follows from Theorem 1 and Lemma 2. So we can assume that p+ r ¿ 1
and q+ s¿ 1. If by omitting all end-edges and one branch at the same central vertex
we get a tree T ′ diPerent from types in 1.1.3.4 and 1.1.4.4, then a graceful labelling
of the tree T easily follows from 1.1 (for T ′) and Lemma 2.
In the case p= r = 1, q= 2, s= 0 and j 
= 0 it is suMcient to consider the tree in
Fig. 18 and Lemma 2.
In the case p= s= 0, q= 2l, r = 4m+ 2, and j 
= 0 a graceful labelling of the tree
T of this type can be found using Lemma 2 on the base of the tree T1.
In the case p= s= 0, q= 2l+ 1, r = 4m+ 3, and i 
= 0 a graceful labelling of the
tree T of this type can easily be found using Lemma 2 on the base of the tree T3.
3. i 
= 0, j 
= 0. In order to avoid referring to nontypical case 1.1.4.4 we show a
graceful labelling of the following tree T4 on the base of the tree in Fig. 5.
T4: p= s= 0; q= 2l+ 1; r = 4m+ 2; i = j = 1:
First, we carry out m backwards double 8-transfers of the rst type, then 2l transfers
of the rst type and nally a k − 1 → n − k + 1 transfer of the rst type and a
k − 1→ n− k + 2 transfer of the second type. We get the sequence
P: (e; e); : : : ; (e; e); (o; o); : : : ; (o; o); (e; e); (0; o); 0
and hence a graceful labelling of the tree T4 can be realized.
If p= r = 1; s= 0 and q= 1 or q= 2 it is suMcient to consider the tree in Fig. 18
and to use Lemma 2.
If p+ r = 1 or q+ s= 1 a graceful labelling of a tree T of this type follows from
Theorem 1 and Lemma 2.
In other cases we gracefully label the following tree T ′ and a graceful labelling of
the tree T will be found by using Lemma 2.
If p+q+ r+ s=2t+1 then the tree T ′ will be the tree T provided that the numbers
i, j have the same parity. If i, j have diPerent parities we get the tree T ′ by omitting
one end-edge at a central vertex with at least two end-edges in the tree T .
If p + q + r + s = 2t and the numbers i, j have the same parity, then we get
the tree T ′ by omitting one branch in the tree T . If p + q + r + s = 2t and the
numbers i, j have diPerent parities we get the tree T ′ by omitting one branch and one
end-edge at a central vertex incident with at least two end-edges in the tree T . Let
the numbers p′; q′; r′; s′; i′; j′ determine the tree T ′. A graceful labelling of the tree
T ′ will be found so that we carry out transfers of end-edges in the tree in Fig. 5 (for
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Fig. 25. Fig. 26.
Fig. 27.
Fig. 28.
2k + 1 = p′ + q′ + r′ + s′ + i′ + j′) in the same way as in corresponding cases in 1.1
(e.g. for p=p′; q=q′; r= r′; s= s′) or as in the case of T4 (in order to avoid 1.1.4.4).
Let us consider (as an illustration) the tree T in Fig. 25.
First, we gracefully label the tree T ′ in Fig. 26.We start with the tree in Fig. 5 (for
k = 4 and n+ 1 = 17).
We carry out transfers 1→ 16→ 2→ 14 of the rst type and 2→ 15 of the second
type. By this we get the tree in Fig. 27 and nally (after suitable transfer of branches)
the tree in Fig. 28 and so the graceful labelling of the tree T ′ in Fig. 26. The graceful
labelling of the tree T then easily follows from Lemma 2.
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